Abstract. Let N be a compact Riemannian manifold. A quasi-harmonic sphere on N is a harmonic map from (R m , e −|x| 2 /2(m−2) ds 2 0 ) to N (m ≥ 3) with finite energy ([LnW]). Here ds 2 0 is the Euclidean metric in R m . Such maps arise from the blow-up analysis of the heat flow at a singular point. In this paper, we prove some kinds of Liouville theorems for the quasi-harmonic spheres. It is clear that the Liouville theorems imply the existence of the heat flow to the target N. We also derive gradient estimates and Liouville theorems for positive quasi-harmonic functions.
Introduction
Let (M, g) and (N, h) be two compact Riemannian manifolds with dim M = n. If a smooth heat flow u(x, t) from M to N blows up at a finite time, we blow up u at a singular point (x 0 , t 0 ) by setting u r (x, t) = u(x 0 + rx, t 0 + r 2 t) (t < 0). In [LnW] , it is proved that, if there is no harmonic S 2 on the target N, there is a subsequence r k → 0 such that u r k → u ∞ strongly in H 1 loc , where u ∞ is a harmonic sphere or a quasi-harmonic sphere, i.e. u ∞ : S k → N is harmonic, or u ∞ : R m × (−∞, 0) → N with u ∞ (x, t) = w(x/ √ −t), where w : (R m , e −|x| 2 /2(m−2) ds 2 0 ) → N is a harmonic map of finite energy (2 ≤ k ≤ n − 1 and 3 ≤ m ≤ n). Here ds 2 0 is the Euclidean metric in R m . In other words, w satisfies the equation ∂w j ∂x l is the tension field of w, and k ij are the Christoffel symbols of N in local coordinates. In a recent paper [DZ] , Ding-Zhao showed that equivariant quasi-harmonic spheres are discontinuous at infinity. So the behavior of quasi-harmonic spheres is quite different from that of harmonic spheres.
Furthermore, Lin-Wang [LnW] showed that, if there is no harmonic sphere and no quasi-harmonic sphere on the target N, the heat flow is in fact smooth. Therefore, Liouville theorems for harmonic spheres and quasi-harmonic spheres imply global existence of heat flows. In this paper we study Liouville theorems for quasi-harmonic spheres.
Even if N = R, that is, w is a function, the equation (1.1) seems to be new. In this case the equation reduces to a linear equation in R m (w) = 1 2 x · ∇w.
(1.3)
We can view w as a harmonic function on R m with metric ds 2 = e −|x| 2 /2(m−2) m k=1 dx 2 k . The metric is quite singular at infinity, and it is not complete. One may wonder whether the quasi-harmonic functions still possess the basic properties of harmonic functions. In this paper, we show that there is no nonconstant positive quasi-harmonic function on R m with polynomial growth, and consequently, there is no nonconstant bounded quasiharmonic function on R m . In general, we derive gradient estimates for positive quasiharmonic functions on R m , sup
where C(m) depends only on m. We show that there is a positive constant F m depending only on m such that any positive quasi-harmonic function on R m with lim R→∞ R −1 sup B R (0) |∇ log w| < 1/F m is constant. In the proof, we use the gradient estimate method developed in [L1] and [L2] .
Using gradient estimates for quasi-harmonic spheres, we also show that, if the target manifold is simply connected and complete with nonpositive sectional curvature, there is no nonconstant quasi-harmonic sphere with bounded image.
We say B r (x 0 ) is a regular ball in N if Cut(x 0 ) ∩ B r (x 0 ) = ∅ and √ Kr < π/2 where K ≥ 0 is an upper bound of the sectional curvature of N on B r (x 0 ). The heat flow and harmonic maps into regular balls were studied by Baldes [B] , Gulliver-Jost [GJ] , Hildebrandt [Hi] , Hildebrandt-Kaul-Widman [HKW] , Jost [J] , Li [L] and Li-Wang [LW] . In this paper we show that there is no nonconstant quasi-harmonic sphere with image in a regular ball, which can certainly be applied to the existence of heat flows and harmonic maps into a regular ball.
Nonpositively curved targets
In this section, we show that, if the target manifold is simply connected and complete with nonpositive sectional curvature, then any quasi-harmonic sphere with bounded image is a constant map. This can be seen as a generalization of the classical Liouville theorems for harmonic functions on R m . Theorem 2.1. Let N be a simply connected complete Riemannian manifold with nonpositively sectional curvature. Let u be a quasi-harmonic map from R m to N, that is, u satisfies the equation (1.1). Assume that y 0 / ∈ u(B R (0)). Let ρ(y) be the distance between y and y 0 in N. Then, if b > 2 sup{ρ(u(x)) | x ∈ B R (0)}, we have
where C > 0 depends only on m and N .
Proof. Let
and
Note that (1.1) and the Bochner formula (see [EL] ) imply
and therefore
(2.5) By (1.1) and the chain rule, we have
where H (ρ 2 ) is the Hessian of ρ 2 . Since the sectional curvature K N of N is nonpositive, the Hessian comparison theorem implies
Substituting (2.6) into (2.5) yields
It follows from (2.3) that
Hölder's inequality implies that
Substituting the last two inequalities into (2.7) we have
Let r(x) = |x|, and introduce
Since F | ∂B R (0) = 0, if ∇u ≡ 0, then F must achieve its maximum at some point x 0 in B R (0). Then by the maximum principle we have
By (2.9) and (2.10) we have, at x 0 ,
(2.12)
It follows that
(2.13) By (2.8), (2.11), (2.12) and (2.13), we have
(2.14)
Multiplying through (2.14) by (R 2 − r 2 ) 2 , we have 3b 2 F − 8RbF
This proves the theorem.
The gradient estimate (2.1) clearly implies the following Liouville type theorem.
Theorem 2.2. Let N be a simply connected complete Riemannian manifold with nonpositive sectional curvature. Let u be a quasi-harmonic map from R m to N, that is, u satisfies the equation (1.1). If the image of u in N is a bounded set, then u is constant.
Image in a regular ball
Let us first recall the definition of a generalized regular ball from [L] and [LW] . Let N 0 be a bounded open set of N . We say that N 0 satisfies condition (C) if there is a positive function f ∈ C 2 (N 0 ) satisfying
for all y ∈ N 0 , where It is clear that a regular ball is a generalized regular ball (cf. [L] and [LW] ).
where C m is a positive constant depending only on m, C 0 (N 0 ), m 1 (N 0 ) and m 2 (N 0 ).
A straightforward computation gives
where e 1 , . . . , e m is the standard basis of R m , and R N is the curvature operator of N. Substituting (3.4), (3.5), and (3.2) into (3.3), using the assumption (C), one gets Substituting the last two inequalities into (3.6), we obtain
Since ψ| ∂B R (0) = 0, if ∇u ≡ 0, then ψ must achieve its maximum at some point x 0 in B R (0). Then by the maximum principle we have
By (3.8) and (3.9) we have, at x 0 ,
(3.12) By (3.7), (3.10), (3.11) and (3.12), we have
(3.13)
Multiplying through (2.14) by (R 2 − r 2 ) 2 , we have 2C 0 m 1 ψ − 8Rψ 1/2 − (24 + 4m)R 2 ≤ 0, which yields sup
By the gradient estimate (3.1), we can show the following Liouville type theorem. 
Positive functions
In this section, we consider the positive quasi-harmonic functions on R m . 
then u is a constant.
Proof. Let ω = u −β , where 0 < β < 1 is to be defined later. Then
Let φ(x) = |∇ω| 2 /ω 2 . Then
Note that
By Cauchy's inequality, we have
By Hölder's inequality, we get
Substituting the last inequality into (4.1), we obtain
We choose 0 < β < 1 such that
Then from (4.2) we have
Using (4.1) and Hölder's inequality, we can have another estimate for φ(x): From (4.5) and (4.6),
Using the same argument as in Section 3, by (4.3) and the above inequality, we have at x 0 ,
Multiplying through (4.7) by (R 2 − r 2 ) 2 , we have
This proves the first part of the theorem. Instead of using (4.3), we now use (4.4); by an argument similar to the one used in obtaining (4.7), we can get
.
Multiplying through the last inequality by R 2 − r 2 , we have
It is clear that we may assume that at the maximum point x 0 of F , r 2 (x 0 ) ≤ R 2 − 24, because of (4.8). If lim R→∞ R −1 sup B R (0) |∇ log u| < 1/F m , letting R → ∞, we get a contradiction, which implies that |∇u| ≡ 0. This proves the theorem. Proof. Without loss of generality, we may assume that u(x) ≥ δ > 0. Otherwise, we consider u + δ instead of u. Let ω = u −β . Then
Let φ(x) = |∇ω| 2 /ω 4 . Then
where 0 < ε < 1 will be determined later and
Since for all ε ∈ R, 9ε 2 − 12ε + 5 > 0, and
we have
. (4.10)
We conclude that
− r 2 (x)] 2 |∇ω| 2 /ω 4 . Suppose that F (x) achieves its maximum at x 0 ∈ B R (0). If ∇ω ≡ 0, then x 0 ∈ B R (0). Thus at x 0 , we have ∇F = 0, (4.12) F ≤ 0.
(4.13)
From (4.12) and (4.13) ∇φ φ = 4r∇r R 2 − r 2 , φ φ − 8r∇r · ∇φ (R 2 − r 2 )φ − 4m R 2 − r 2 + 8r 2 (R 2 − r 2 ) 2 ≤ 0.
Then φ φ − 24r 2 (R 2 − r 2 ) 2 − 4m R 2 − r 2 ≤ 0. By (4.9) and (4.10), we see that β can be sufficiently small for ε small enough. So we can choose β > 0 and ε > 0 such that B β,ε > 0. By the same argument as in Section 3, using (4.11) and the above inequality, we have at x 0 , A β,ε f −2β (R)φ − B β,ε 4R R 2 − r 2 |∇ω| ω 2 ω − 24r 2 (R 2 − r 2 ) 2 − 4m R 2 − r 2 ≤ 0. (4.14)
Multiplying through (4.14) by (R 2 − r 2 ) 2 , we have Here β and ε satisfy (4.9) and (4.10), from which we know that β can be sufficiently small for ε small enough. If there exists a constant N 0 such that f (R) ≤ R N 0 , we can choose 0 < β < 1/2N 0 so that
Leting R → ∞, we have |∇u| ≡ 0. This proves the theorem.
